From the last two congruences we have
From (2) and (3) we see that a necessary and sufficient condition for either (1) or (1') is that X -JJL S 0 mod p 2 . Therefore (1) and (I') are equivalent.
The simpler relation (10 can be derived more readily than the relation (1). For from the congruence x + y + z = 0 mod p 2 , obtained in my previous Therefore 0 + l)* 2 s P 2 + 1 mod p\ Now put t=<r + vp, (0 <cr< p-1). Then ^2 = cr^2, 0 + l)*' 2 s (er + 1)*" mod p 3 . Therefore (er + l)* 2 = a p2 + 1 mod p 3 , (0 < a < p -1). This is relation (7) of my previous note; from this follows (1) as in the earlier treatment. Hence (1) is satisfied by all primes of the form Qn + 1. Therefore the test can be useful only when the exponent p is 3 or is of the form 6n -1. 
